Abstract-The etiology, and hence most effective treatment, of cerebral vasospasm remains unknown, thus this devastating sequela to subarachnoid hemorrhage continues to be responsible for significant morbidity and mortality. Based on abundant and diverse clinical and laboratory observations, we hypothesize that vasospasm and its subsequent resolution result from a short-term chemo-dominated turnover of cells and matrix in evolving vasoconstricted states that produces a narrowed lumen and thicker wall, which is stiffer and largely unresponsive to exogenous vasodilators, and a subsequent mechano-dominated turnover of cells and matrix in evolving vasodilated states that restores the vessel toward normal. There is, however, a pressing need for a mathematical model of arterial growth and remodeling that can guide the design and interpretation of experiments to test this and competing hypotheses. Toward this end, we present a new biochemomechanical framework that couples a 2-D model of the evolving geometry, structure, and properties of the affected arterial wall, a 1-D model of the blood flow within the affected segment, and a 0-D model of the biochemical insult to the segment. We submit that such a framework can capture salient features of the time-course of vasospasm and its potential resolution, as illustrated numerically in part II of this paper.
INTRODUCTION
Rupture of intracranial aneurysms is the leading cause of non-traumatic subarachnoid hemorrhage (SAH). For those patients who survive to hospitalization, the period 3-7 days post-SAH is critical for it is during this time that there is often a marked short-term reduction in the lumen of, and diminished blood flow within, major cerebral arteries in the vicinity of the hemorrhage. This so-called cerebral vasospasm can occur in up to 70% of patients presenting with SAH and can induce a delayed cerebral ischemia or infarction, thus rendering it the leading cause of morbidity and mortality in these patients. Despite advances in neuroradiology and neurosurgery, effective strategies for treating cerebral vasospasm remain elusive, in large part, because the etiology remains unclear. For more details on the clinical situation, see Macdonald and Weir. 38 Given the clinical significance of cerebral vasospasm and long-standing recognition of associated alterations in wall structure and vascular smooth muscle contractility, 45 it is remarkable that there has been no attempt to formulate a biomechanical framework for analysis. Mathematical models can help guide the identification and interpretation of new experiments, aid in the evaluation of competing hypotheses on the underlying mechanisms, and direct the design of new clinical treatments. In this paper, we propose a simple biochemomechanical framework that is motivated by a new hypothesis for cerebral vasospasm. We hypothesize that vasospasm and its potential resolution result from an acute vasoconstriction due to the initial bleed, a short-term chemo-dominated growth and remodeling (G&R) process that progresses in evolving vasoconstricted states in response to the developing extravascular clot and produces a narrowed lumen and thicker wall, which is stiffer and largely unresponsive to exogenous vasodilators, and finally a mechano-dominated G&R process that progresses in evolving vasodilated states in response to the dissolution of the clot and restores the vessel toward normal (Fig. 1) . By G&R, we mean a turnover and/or reorganization of cells and extracellular matrix that can alter the overall mass and microstructure of the arterial wall. Indeed, we hypothesize further that this turnover of structurally significant constituents in evolving vasoaltered states yields new constituents that have new natural (i.e., stress-free) configurations, mass fractions, and possibly orientations, but otherwise similar biomechanical properties (e.g., new collagen fibers have the same intrinsic stiffness); these changes can alter both the material and the structural stiffness of the wall about the smaller lumen. Although there will be a need to identify specific constitutive relations, our goal is to show that this overall framework can capture salient features of the pathophysiology of cerebral vasospasm and thereby can be used to set new directions for basic research and possibly clinical intervention.
EMPIRICAL OBSERVATIONS
Normal arterial development as well as subsequent functional adaptations, responses to injury, and many disease processes appear to occur via similar means-a cell mediated turnover of wall constituents at different rates, to different extents, and in different biomechanical states. 23 It is because of the diverse repertoire of cellular activities (e.g., migration, proliferation, apoptosis, synthesis or degradation of matrix, and the production of adhesion molecules, vasoactive molecules, growth factors, and cytokines), however, that there are so many different manifestations of arterial G&R. For example, the lumen of a normal artery enlarges in response to sustained increases in blood flow, the thickness of the wall increases in response to sustained increases in blood pressure, the length of a vessel increases in response to sustained increases in axial load, the wall experiences neointimal hyperplasia in cases of damage to the endothelium and internal elastic lamina, and so on. 14, 33, 35 Understanding cerebral vasospasm within the context of arterial G&R is complicated by the co-existence of many different synergistic and competitive processes (e.g., see reviews by Mayberg et al., 40, 41 Dietrich and Dacey, 12 Macdonald, 37, 38 McGirt et al., 42 Dumont et al., 13 Zhang et al., 65 Grasso, 19 Pluta, 53 Zhang and Macdonald 66 and copious references therein). Here, we attempt to summarize, synthesize, and interpret some of the many reported observations, which suggest the aforementioned hypothesis for the progression and resolution of vasospasm. It appears, for example ( Fig. 2) , that the organizing extravascular clot causes a marked increase in vasoconstrictors (e.g., serotonin FIGURE 1. Schema of the progression and possible resolution of cerebral vasospasm following a SAH: the initial bleed causes an acute contraction, turnover of cells and matrix in evolving vasoconstricted states yields the severe vasospasm, and turnover of cells and matrix in evolving vasodilated states may restore the vessel back toward normal. Indeed, shown, too, is a possible continuation to a near complete restoration. Albeit not indicated, the time-courses of these phases differ considerably: the acute contraction may initiate within minutes to hours, the G&R in evolving vasoconstricted states likely occurs over the first 3-10 days, and the subsequent dilation-induced G&R likely occurs over the next 20 or more days. Hence, vasospasm often peaks between 5 and 12 days and, if the person survives, it often resolves nearly completely by 28 days. FIGURE 2. Schema of a few of the many molecules involved in the development and dissolution of an extravascular clot. In particular, note the key role played by thrombin, which converts fibrinogen to fibrin (and thereby promotes the organization of the clot) and activates platelets (which produce multiple vasoconstrictors and growth factors). Indeed, although thrombin can promote endothelial production of NO, it also has a direct vasoconstrictor effect on smooth muscle. Note, too, that oxyhemoglobin (oxyHb) in the clot can scavenge NO, and the production of other reactive oxygen species (ROS) exacerbates such scavenging. Finally, the clot is eventually degraded via the action of plasmin. Shown, too, are the mean in-plane biaxial stresses (circumferential and axial) as well as the flow-induced wall shear stress; the effect of the shear stress on the wall mechanobiology will depend on whether the endothelium is disrupted or not by the severe constriction. The endothelium may also alter its production of adhesion molecules (e.g., VCAM-1), which in turn will affect the recruitment of monocytes (M) to the wall and thus possible invasion of macrophages (MF), which produce additional proteases.
(5-HT), thromboxane (TXA 2 ), endothelin-1 (ET-1), and thrombin) and increase in scavengers (e.g., reactive oxygen species, oxyhemoglobin) of nitric oxide (NO, a potent vasodilator). This initial shift toward more constrictors causes an acute, likely maximal, net vasoconstriction. The presence of multiple clot related mitogens (e.g., platelet derived growth factor (PDGF), transforming growth factor (TGF-b), and ET-1) appears to promote the proliferation and possible migration of medial smooth muscle cells and adventitial fibroblasts in evolving vasoconstricted states as well as possibly to cause changes in the smooth muscle that favors a leftward shift in the active force-length curve and the synthesis of additional collagen; whereas proliferation and synthesis may increase the mass and thickness of the wall, and consequently the structural stiffness, the shift in the force-length curve may exacerbate the initial vasoconstriction. An extreme constriction, in turn, may disrupt endothelial cells due to corrugation of the intima (cf. Fig. 1 in Mayberg et al. 40 or Fig. 7 in Handa et al. 20 ) which could decrease endothelial production of NO and prostacyclin (PGI 2 , an inhibitor of platelet aggregation and a mild vasodilator) as well as decrease its responsiveness to endogenous or exogenous circulating vasodilators. Moreover, endothelial damage could increase permeability as well as upregulate multiple adhesion and chemotactic molecules (e.g., vascular cell adhesion molecule (VCAM-1) and monocyte chemoattractant protein (MCP-1)) that promote both inflammatory (involving cytokines such as the interleukins (IL-1, IL-6, IL-8) and tissue necrosis factor (TNF-a)) and degradatory (via macrophages and production of matrix metalloproteinases (MMP-1, MMP-2, MMP-9)) responses by sequestering and activating lymphocytes and mononuclear phagocytes. Together, therefore, the extravascular blood clot and endothelial disruption appear to set into motion a heightened G&R of the arterial wall in evolving vasoconstricted states, one that includes a phenotypic modulation of smooth muscle cells that promotes increased turnover of cells and extracellular matrix. 62 This leads to a narrowed lumen and thickened wall (i.e., a stiffer structure) with a small increase in cross-sectional area but an increase in collagen mass fraction (i.e., a stiffer material). Such a net change in geometry, active and passive mechanical properties, and perivascular constraints (possibly including the mass effect of the organizing clot and an increased intracranial pressure) would feedback to change further the biology of the wall, which appears to be dominated by chemo-stimuli early on. As the clot dissolves and the endothelium recovers, however, it appears that the altered biomechanics, particularly a decreased intramural stress (which may promote atrophy of the thickened wall; cf. Bayer et al. 5 ) and an increased wall shear stress (which may stimulate the production of vasodilators such as NO, platelet inhibitors such as PGI 2 , and growth factors such as vascular endothelial derived growth factor, VEGF 11, 35 ), both relative to normal/homeostatic values, may allow the mechano-stimuli to dominate again, such that a flow-induced G&R in vasodilated states can restore the lumen toward normal. The vessel may thus begin to return to its prior geometry and properties via a turnover of constituents in these evolving vasodilated states. Clinically, such recovery may take 4 weeks or more if the patient survives the severe effects that may initiate between 3 and 7 days and peak between 5 and 12 days post-SAH.
We submit that the variable time-courses of change from primarily mechano-dominated to chemo-dominated control, and back, with growth and remodeling occurring in rapidly evolving states based on perturbations from different basal rates of turnover (due, e.g., to age dependency) and differently cross-linked extracellular matrices (due, e.g., to disease status related to diabetes or smoking) contribute to the diverse observations that have been reported on the pathophysiology and efficacy of particular clinical treatments. In other words, part of the extreme variability in clinical presentation may be due to the evolving nature of the process-oneÕs observation will depend strongly on the time from the SAH, its severity, and individual rates of turnover in evolving states, which likely vary considerably from patient to patient. Other factors, which can either exacerbate or attenuate the effects of the focal vasospasm, include the location of the bleed within the cerebral circulation and the associated ability of distal resistance beds to autoregulate, the presence of a distal collateral circulation, and overall changes in intracranial pressure and circulation of cerebrospinal fluid. 36 We are not the first to suggest that cerebral vasospasm is yet another manifestation of arterial G&R, nor are we the first to suggest that there is a critical interplay between vasoactive and remodeling responses. For example, Mayberg et al. 40, 41 suggested years ago that ''cerebral arteriopathic changes after SAH may represent one component of a common vascular response to injury, which may be mediated by similar processes'' and that ''structural changes may act in concert with contractile mechanisms to alter normal physiologic responses and maintain a narrowed lumen.'' We are, however, the first to suggest a specific means by which such G&R can occur and to suggest a novel theoretical framework that can begin to account for and synthesize these many diverse observations for purposes of describing and predicting time-courses.
THEORETICAL FRAMEWORK
Notwithstanding the incredible complexity of the biochemical and biomechanical processes that lead to cerebral vasospasm and its possible resolution, it is prudent to begin with simple mathematical models. Yet, our growing understanding of vascular mechanics and mechanobiology demands that we consider coupled effects of wall mechanics and hemodynamics as well as the effects of diverse vasoregulatory, mitogenic, and proteolytic molecules that are associated with the development and dissolution of an extravascular blood clot. As a compromise between biochemical/biomechanical complexity and mathematical simplicity, we employ a ''2-D model'' of G&R mechanics of the arterial wall (i.e., we focus on the mean pressure-induced circumferential wall stress r h and mean axial load-induced wall stress r z ). Moreover, we employ a ''1-D model'' of flow in a cylindrical vasospastic segment within a dual-path network model of the cerebral vasculature, and focus on the time-averaged mean transmural pressure P and flow-induced wall shear stress s w (by 1-D, we imply that the pressure and velocities depend only on axial position along the segment or network). Finally, although one could use reaction-diffusion equations to describe the development and dissolution of a spatially distributed clot and its products, 30, 64 we focus on the net concentration of the primary effector molecules presented to the wall. That is, we consider a ''0-D model'' of the time-varying ratio C of the concentrations of constrictors to dilators (i.e., spatially uniform chemical reactions within the 2-D wall). It is important to note, therefore, that there are two very different time scales: we average changes over a cardiac cycle (time scale of seconds), but we account directly for changes during the progression and resolution of vasospasm (time scale of weeks, with this time denoted as t). When data are available on mechanobiological responses in terms of pulsatility, such effects can be included naturally (cf. Olufsen et al. 49 and Alastruey et al. 1 who discuss distal flow boundary conditions). Let us now consider each of these aspects of the formulation separately.
Biosolid Mechanics
Consistent with the use of time-averaged mean values of the luminal pressure and wall shear stress, we consider quasi-static wall mechanics 25 within a 2-D framework. 17 Overall equilibrium of the arterial wall requires that the mean in-plane Cauchy stresses within a cylindrical vasospastic segment (Fig. 2 ) balance the applied transmural pressure P (i.e., luminal pressure P v minus cerebrospinal fluid pressure P CSF ) and the applied axial force f, namely where a and h are the inner radius and wall thickness in loaded states. Homeostatic (i.e., normal) values of these stresses, r h h and r h z ; appear to be in the order of 100 kPa for both directions in arteries such as common carotids and basilars. 21, 26 Note that these equations are determined by statics alone, independent of constitutive relations for the stress response in terms of deformations. To understand potential changes in wall properties over time, however, we must consider the constitutive behavior.
G&R Mechanics
We recently proposed a constrained mixture theory to describe arterial G&R 24 and showed that associated 2-D models capture salient features of flow-and pressure-induced adaptations in arteries 17, 18 as well as aspects of the enlargement of intracranial aneurysms. 2 Because our ultimate motivation is the clinical situation, for which one needs primarily to understand the evolution of the lumen and the structural stiffness of the wall, we similarly adopt a 2-D approach to study the progression and potential resolution of the vasospasm.
The fundamental hypothesis is that arterial G&R occurs via the different rates and extents of turnover of individual, structurally significant constituents within altered states. There is, therefore, a need to track changes in the deformations, mass fractions, and orientations of individual constituents. Consistent with concepts from membrane theory 23 and prior work on aneurysms, 2 we postulate a constrained mixture constitutive relation for principal tensions (i.e., stresses multiplied by the wall thickness h) in the vasospastic wall as:
where w i is the strain-energy stored in each structurally significant constituent i, per surface area relative to an experimentally accessible mixture reference configuration, r act h is the active stress due to smooth muscle contraction, which is typically assumed to be in the circumferential direction, and ðk h ; k z Þ are experimentally measurable principal stretches experienced by the vessel. Together, Eqs. (1) and (2) 
where i will typically denote elastin, smooth muscle fibers, or collagen fibers (k ¼ 1; 2; . . . ; n families of locally parallel collagen fibers, or generically c), thus i = e, m, c. Before discussing the requisite strain-energy functions, consider the standard forward problem in solid mechanics. If we know constitutive relations for the individual constituents as well as the evolution of their natural configurations, mass fractions, and orientations, and if we can either prescribe or measure the applied loads P(t) and f(t), then these two coupled algebraic equations (3) represent, at each G&R time t, two governing equations in terms of three key kinematic parameters: deformed radius, wall thickness, and length (i.e., a, h, '). Clearly, we need an additional equation at each time t. Although there can be marked changes in the mass fractions (i.e., / i ¼ q i =q) of structurally significant constituents, the overall mass density q ¼ P q i of a soft tissue appears to change little during many manifestations of G&R. 56 Hence, letting V denote the total volume of the vasospastic segment, the constraint of a constant overall mass density of the wall (i.e., qðtÞ ffi qð0Þ) requires that
aðtÞ ¼ phðtÞ 2aðtÞ þ hðtÞ ð Þ 'ðtÞ phð0Þ 2að0Þ þ hð0Þ ð Þ 'ð0Þ ;
where " M o is the original total mass of the segment and a(t) is a gross measure of overall growth (a > 1) or atrophy (a < 1), with að0Þ 1: If the overall growth or atrophy is known (e.g., segment volume given a constant overall mass density), then we have three equations (two equilibrium equations represented by Eq. (3) plus a mass density constraint represented by Eq. (4)) to solve simultaneously for our three primary unknowns (a, h, ') in a forward problem at each time t, provided the applied loads are known or measurable.
We ultimately seek to use this theoretical framework to study the time-course of vasospasm in patients and thereby to facilitate the design of improved clinical interventions, yet we will see that this will require data that are not currently available. Until and even after such data are available, simulations based on representative data, illustrative constitutive relations, and special cases can be used to study consequences of competing hypotheses or potential clinical interventions. For example, consider the special case wherein an arterial segment maintains its length throughout the progression and resolution of vasospasm, 'ðtÞ 'ð0Þ; that is, the vessel does not become tortuous. In this case, the mass density constraint becomes
where values at time 0 may be estimated from normal contralateral vessels in the circle of Willis. Hence, we can solve for either a(t) or h(t) at any G&R time t in terms of d(t). For example,
where the term within the radical equals the outer radius squared. In this case, our three coupled equations for the wall reduce to two uncoupled equations in terms of two unknowns: a(t), which is determined by solving Eq. (3) 1 , and f(t), which can then be determined directly from Eq. (3) 2 . Indeed, whereas the in vivo pressure can be inferred from hemodynamic computations, or potentially measured directly, the in vivo axial force cannot be so determined. This emphasizes the need to track potential length changes in vivo (which could be accomplished by tracking the separation distance between branch sites distal and proximal to the vasospastic segment) to support or replace the assumption of a constant length. Let us now address further the metric a(t), and consider the critically important kinetics of cell and matrix turnover. Again following Baek et al.,
2 the total mass density of the mixture, defined per reference area at time t, can be calculated by knowing how much of each constituent was produced at past times plus their half lives. Specifically, let the current mass density of the mixture (i.e., vasospastic segment) be
where M i (0) is the original mass density of constituent i, Q i (t) is the fraction of constituent i that was produced prior to time 0 (when the initial bleed occurred) and survives to time t, m i ðsÞ is the rate at which constituent i is produced (i.e., mass density production) following the initial bleed, which may vary with time depending on chemomechanical conditions including wall shear and intramural stress, and q i ðt; sÞ is the survival function for constituent i, which describes how much of the material produced at time s 2 ½0; t survives to time t. Consequently, aðtÞ ¼ MðtÞ=Mð0Þ; thus completing Eq. (5).
A general form for the strain-energy function for a structurally significant constituent i, as needed in
it should. Finally, note that the heredity integral is similar to that in viscoelasticity; with continual turnover, material produced in the recent past will survive longer and thus contribute more to load bearing than material produced in the distant past.
Cerebral arteries contain little elastin. 34 Regardless of amount, structurally significant vascular elastin tends not to turnover in maturity, 33 thus we may assume that it can be damaged and/or degraded, but it cannot be produced anew or at least not properly cross-linked if produced. 
In contrast, we may assume that there is significant turnover (i.e., production and removal, which need not balance) of smooth muscle and collagen. Assuming further that both the passive smooth muscle and the collagen exist locally as parallel constituents, we can let each family of ''fibers'' be considered as an individual constituent. For example, with circumferentially oriented smooth muscle, 
whereas for k ¼ 1; 2; . . . n families of collagen fibers having diverse directions in the h-z plane, Information is yet insufficient for detailed modeling of the active stress-stretch behavior of vascular smooth muscle, but we know that there is typically a sigmoidal dose-response curve whereby increasing concentrations of constrictors induce greater force generation and vice versa for dilators. 52 Likewise, there is a nonlinear stress-stretch response whereby force generation increases with increasing stretch until a maximum stretch (say k M , which may evolve with G&R) is attained, after which there is diminished force generation with increasing stretch; moreover, there is a value of stretch (say k o , which may also evolve) below which force generation ceases. Based on these general observations, and building on the work of Rachev and Hayashi, 54 one can assume an active stress response for the smooth muscle of the form where T M is the maximum stress-generating capacity of smooth muscle 43 (~200 kPa), C(t) is the aforementioned ratio of the concentration of constrictors over dilators,fðCÞ 2 ½0; 1 represents a normalized sigmoidal dose-response behavior, and k m h;nðsÞ is the circumferential stretch of smooth muscle that was produced at instant s. This model can capture salient features of the activation, but it does not account for the likely multiaxial character of smooth muscle contraction and it does not account for a possible stretch-sensitivity to agonists. 52 It will need to be refined as data become available.
Biofluid Mechanics
Equations (1) to (13) reveal that, in addition to standard biosolid mechanical information, there is a need for information on the luminal pressure and wall shear stress. Because these quantities may change during the progression and resolution of vasospasm, they must come from a coupled solution of the hemodynamics. In particular, the pressure in the lumen of the vasospastic segment P v contributes directly to the circumferential equilibrium equation for the wall; P v is expected to decrease as the vasospasm progresses, then increase as the vasospasm resolves. The state of muscle activation, and hence overall equilibrium, depends on the ratio of constrictors to dilators C, which in turn depends in part on flow-induced wall shear stress s w (e.g., increased s w upregulates the production of NO by the normal endothelium and decreased s w upregulates the production of ET-1). 11 Wall shear stress is expected to increase as the vasospasm progresses, then decrease as it resolves. Finally, rates of mass production and removal, that is m i (s) and q i (t, s), may depend on the wall shear stress (e.g., ET-1 is smooth muscle mitogen and promoter of collagen production) and luminal pressure (which dictates intramural wall stress and hence collagen production), not just the overall chemical environment.
The Reynolds number within large arteries of the cerebral circulation is typically less than 500 (Fernandez et al. 15 ) thus suggesting a laminar flow. The mean value of wall shear stress within the central region of the vasospastic segment can thus be approximated as 27 s w ¼ 4lQ
where l is the absolute viscosity of the flowing blood, Q is the local volumetric flowrate, and a is the inner radius of the cylindrical vessel in its distended configuration; of course, Q ¼ pa 2 v where v is the mean velocity. The homeostatic value of wall shear stress s w h appears to be in the order of 3-6 Pa in the cerebral circulation. 9, 44 Various clinical metrics define the severity of vasospasm. These include angiographically measured reductions in the lumen (e.g., graded as mild if <25% reduction in luminal diameter, moderate if~25-50% reduction, and severe if >50% reduction) 29, 65 and transcranial doppler measured increases in mean velocity within the vasospastic segment (e.g., vasospasm is implicated by a mean velocity in the middle cerebral artery, MCA, >120 cm/s, a 24-h increase in MCA velocity >50 cm/s, or a ratio of the velocity in the MCA to the internal carotid artery, ICA, of MCA:ICA >3). 58 Because these metrics are related via Q, they simply represent different clinical preferences based on available data.
Reports of mean velocity before and after vasospasm often reveal increases of 100% or more (e.g., increased MCA velocity from~60 to 160 cm/s), with effective therapies targeting comparable percent reductions. 50 Blood flow depends on the pressure gradient that drives the flow, which ultimately depends on arterial P A vs. capillary P C pressures. Such pressure drops (P A À P C ) can be approximated in 1-D using a control volume energy equation by accounting for ''losses'' in the network. Whereas one typically considers simple viscous and geometric losses in a tube flow, 63 the presence of a complex plexus of distal autoregulating resistance vessels complicates such an analysis in the cerebral circulation. It is common, therefore, to introduce a lumped parameter model for the resistance vessels. For example, Olufsen et al. 49 model the resistance using a binary fractal tree approach whereas Ferrandez et al. 15 model the resistance using DarcyÕs law for flow in a porous media. Regardless of the specific approach, a lumped parameter model of the distal resistance can be coupled with a control volume analysis of the vasospastic segment (Fig. 3) . Note, too, that Lodi and Ursino 36 modeled the many large vessels that constitute the circle of Willis (e.g., anterior cerebral, middle cerebral, posterior cerebral, basilar, and communicating arteries) and their distal beds as a ''dual-path'' network: flow is partitioned between those vessels that are normal and FIGURE 3. Schema of a segment of a large cerebral artery (e.g., middle cerebral) undergoing vasospasm, with an emphasis on the existence of distal resistance vessels. Noted, too, are dimensions and points along the vessel that are relevant to a 1-D control volume analysis of the altered hemodynamics (luminal pressure and flow). Flow in the large artery can thus be modeled via the pipe flow equation whereas that in the resistance vessels can be modeled via a lumped parameter resistance. Finally, note that the vessel is typically surrounded by cerebrospinal fluid (CSF), which can change over time and exert a pressure on the outer surface of the vessel. Effects of intracranial pressure are probably more marked on the net resistance, however, by collapsing distal venules 36 . that vessel which is vasospastic (Fig. 4) . This allows a straightforward implementation of a combined energy equation/lumped parameter resistance model, which will be adopted herein. Lodi and Ursino suggested further that four key biomechanical factors govern the hemodynamics in cerebral vasospasm: the severity of the vasospastic constriction, degree of autoregulation, increase in intracranial pressure, and presence of distal collaterals. They showed, for example, that the presence of both distal collaterals and autoregulating resistance vessels can dramatically reduce the effects of focal vasospasm whereas increased intracranial pressure exacerbates the devastating effects. The potential effects of collaterals will not be addressed here, however.
The governing equations for a two-path network are mass balance (i.e., assuming incompressibility, the total flow in must balance the total flow out) and energy balance (e.g., the pressure drop is the same along each path), namely
where subscripts n and v denote the normal and vasospastic paths, respectively, and subscripts A and C denote arterial and capillary pressures common to each pathway; q f is the mass density of the fluid (blood, assumed to be constant). The control volume energy equation for flow between any two points 1 (upstream) and 2 (downstream) in a tube is 27
where a f , F f , and K f are, respectively, the kinetic energy coefficient (a f = 2 for a laminar flow), the friction factor (F f = 64/Re for a laminar flow, where the Reynolds number is Re ¼ q f vd=l), and the minor loss coefficient for a change in geometry (K f typically equals 0.5 or less for gradual contractions and expansions); ' is a generic length of the tube over which viscous losses occur and d (=2a) is its diameter. Alternatively, a pressure drop DP and associated volumetric flow Q can be related through a lumped resistance R, namely DP = RQ. It can be shown that, consistent with Figs. 3 and 4 wherein we consider a vasospastic segment within a middle cerebral artery, Eq. (15) 2 can be written as:
where R n is the total lumped resistance in the normal path (large and small vessels), a o and a v are radii in the vasospastic segment before and during vasospasm (a v a in the biosolid mechanics formulation), x is the percentage of the original length ' o that narrows (x' o ' in the biosolid mechanics formulation), and R v is the lumped resistance for beds distal to the vasospastic segment (in this case a MCA). Here, consider two possible cases. First, if the total cerebral flow Q is unchanging and known, then Eqs. (17) and (15) 1 represent two equations in terms of the two unknown flows; they yield a simple quadratic equation for Q v , the solution of which allows Q n to be determined and thus how the total blood flow Q partitions. That is,
Second, we can determine Q n directly from the left-hand side of Eq. (15) 2 given the pressure drop for the normal path (P A ) P C ) and similarly determine Q v directly from the right-hand side of Eq. (15) 2 given (P A )P C ) for the vasospastic path. In this second case, total cerebral flow Q may decrease due to an overall FIGURE 4. Idealized representation of the cerebral circulation as a ''two-path'' network. 36 The vasospasm path models a single constricted middle cerebral artery (MCA) and its distal resistance vessels whereas the normal path models all remaining large vessels (e.g., both anterior cerebral arteries ACA, the contralateral middle cerebral artery, and both posterior cerebral arteries PCA) and their associated distal resistance vessels.
increased resistance to flow (e.g., impaired autoregulation). Specifically,
where
Finally, given the input arterial pressure P A to both paths and the value of the flow through the vasospastic segment, Eq. (16) determines the luminal pressure in the center of the segment, namely
Hence, by solving these simple hemodynamic equations, we can determine the mean luminal pressure and wall shear stress that are needed in the G&R equations for the vasospastic wall. Recall, however, that it is the transmural pressure PðtÞ ¼ P v ðtÞ À P CSF ðtÞ that enters the equilibrium equation, where t is the G&R time not the time during a cardiac cycle, hence reminding us that the intracranial pressure also needs to be measured or prescribed as a function of the progression and resolution of the vasospasm. Finally, let us consider effects of the evolving clot.
Chemomechanics
Many vasoactive substances are associated with normal arterial biology (e.g., vasodilators NO and PGI 2 and vasoconstrictors ANG-II and ET-1), but a SAH presents the arterial wall with many more substances, particularly vasoconstrictors (e.g., thrombin as well as platelet-derived serotonin (5-HT) and thromboxane (TXA 2 )-see Fig. 2 ), and clinical treatment may introduce yet other substances that are designed to affect vasoactivity (e.g., papavarine, calcium channel blockers, or ET A and ET B receptor blockers). Eventually, the kinetics of production, activation, and inhibition of all clot-produced molecules need to be quantified and included in a G&R framework. Here, however, we begin by focusing on overall vasoconstriction or vasodilatation, and thus the overall imbalance between constrictors and dilatators as well as receptor sensitivity or availability. Motivated thus, consider a time-dependent net concentration C(t) of constrictors over dilators presented to the wall to be given by
Contributors to basal tone are a normal flow-induced production of NO or ET-1 and the autonomic nervous system; the former can be compromised by endothelial damage, however, which can be modeled via a damage function nðtÞ 2 ½0; 1 with n = 1 denoting no damage and n = 0 denoting complete damage (i.e., loss of function). Cerebral arteries exhibit a mild myogenic response, but this could be neglected in an initial model given the paucity of data on the associated mechanics and because the intraluminal pressure is expected to reduce only slightly due to vasospasm (see Eq. 20) . Changes in tone due to changes in wall shear stress from baseline are due primarily to changes in the production of NO and ET-1, with dilation correlating with increases in wall shear stress above homeostatic values and constriction correlating with decreases below homeostatic values in a normal endothelium. 11 Constrictor molecules associated with the formation of a clot were noted above and clearly play the central role in the progression and resolution of the vasospasm; there is a pressing need for descriptors of the time-course of changes in clot related vasoactive molecules and their effects, which could be accomplished by solving appropriate systems of reaction-diffusion equations, but here we model only the final net effect. Finally, clinical treatment could include the infusion of potent vasodilators (e.g., papaverine) that may or may not work through the endothelium. Such pharmacologic therapy could be administered either as a bolus injection (modeled via an exponential decay) or as a continuous infusion over time (approximated via a beta function), but we do not consider such treatments here.
In summary, Eqs. (1) to (21) represent the first biochemomechanical framework for modeling cerebral vasospasm. Although the consequence of vasospasm is a diminished blood flow, the cause is a modification of the arterial wall. Hence, the three primary equations are the two equilibrium equations and the mass density constraint for the wall (Eqs. 3 and 4), which by incorporating G&R relations (e.g., Eqs. 7-13) allow one to solve for the evolving geometry (radius, length, and thickness) and stiffness in terms of evolving loads (e.g., blood pressure) and material properties (strainenergy functions, which depend on mass production and removal). The ratio of constrictors to dilators (Eq. 21), which depends on the fluid shear stress and hence the volumetric flow, enters the equilibrium equations through both the muscle contraction term and mass density production terms (constrictors are mitogens); the fluid pressure enters directly into the circumferential equilibrium equation for the wall as an applied load; and, of course, the changing arterial geometry affects the hemodynamics, which in turn affect the production of vasoactive molecules. Hence, the solids, fluids, and chemical insult are fully coupled, and the equations will require iterative solution.
Although a detailed understanding of the biomechanics and pathophysiology of cerebral vasospasm may require much more complex modeling, including 3-D wall mechanics and hemodynamics, we submit that this simple theoretical framework provides new guidance as to what ought to be measured and it will allow competing hypotheses and potential clinical treatments to be contrasted numerically. Illustrative constitutive relations and model simulations are reported in a companion paper (part II; Baek et al.
3 ).
DISCUSSION
There is an extensive literature on cerebral vasospasm and many different treatment strategies have been evaluated, including calcium channel blockers, triple-H therapy (hypertensive/hypervolemic/hemodilution), intra-arterial infusion of papaverine, and balloon angioplasty. 19, 65, 67 Nevertheless, this complex sequela of a SAH largely remains a clinical enigma. In order for the present theoretical framework to be used to explore potential hypotheses, mechanisms, or treatments, there is a pressing need for specific data as revealed by the various constitutive functions. For example, there is a need for information on the possible evolution of endothelial damage n(t), effects due to the development and dissolution of the clot C clot (t), the material properties of the wall constituents (r act h ðtÞ and w i (t)), and of course the rates of production m i (s) and removal q i (t, s) of wall constituents. Here, let us consider some of the information in the literature that can be used in this regard.
The frequent resistance of vasospastic arteries to potent vasodilators has long implicated structural changes within the wall. 28, 40, 61, 66 It is remarkable, therefore, that few investigators have quantified evolving changes in the mechanical properties of arteries due to the progression of vasospasm. Nagasawa et al. 45 reported marked leftward shifts in both the passive and active pressure-diameter curves of human cerebral arteries collected at autopsy 7-10 days post-SAH; in particular, they reported significant stiffening in the potassium-induced active response, which implied a heightened contractility. Data from autopsy tissue must be interpreted cautiously, however, given that tissue was not collected until well after death. In a nice follow-up study, Nagawasa et al. 46, 47 reported histological and mechanical data at 0, 2, 4, 7, 14, and 28 days post-SAH in a canine model. Significant amounts of clotted blood were found around the basilar artery at 2 and 4 days, with the hematoma decreasing thereafter such that no clot was detectable at 28 days. Such data are useful for determining the function C clot (t), as are clinical data from CT (Reilly et al. 55 ), the latter of which suggests further the need to know the half-life of the molecules released by the clot or their long term effects. 6 A significant increase in extracellular matrix proteins, especially collagen, suggests an overall trend toward fibrosis and medial necrosis, which provides some information related to the forms of m i (s) and q i (t,s) and consequently the overall metric of wall growth or atrophy a(t). Nagawasa et al. also reported that vessel contractility was heightened at 2, 4, 7, and 14 days post-SAH, but especially at 7 days; they wrote, ''the contractile capacity of the wall itself increases with the advance of vasospasm,'' at least during initial stages. Such information can be useful in constructing forms for r act h ðtÞ; which evolve due to smooth muscle turnover. See, too, Bakker et al. 4 and Martinez-Lemus et al. 39 Such findings are supported in part by the study by Butler et al., 8 who reported that ''Vasospastic arterial segments had greater passive tension and greater intrinsic tone than did controls.'' Kim et al. 31 also reported a decreased distensibility, an increase in resting tension, and a decrease in the minimum stretch at which smooth muscle generates force actively following SAH, which they suggested favored a smaller diameter vessel. Yamaguchi-Okada et al. 62 reported a progressive decrease in the contribution of smooth muscle activation and concomitant increase in passive stiffness over 7-28 days following SAH in a canine model, findings that correlated well with measured changes in smooth muscle differentiation markers and matrix composition. Our hypothesis that new tissue is produced and organized in vasoaltered configurations so as to preserve a preferred constituent stretch (or stress) is consistent with many of these observations, which can aid in postulating forms for w i (t), yet the need for more detailed data on timecourse of change is clear.
That a heightened turnover of constituents contributes to rapid G&R of the wall is supported directly by the reported presence of multiple smooth muscle mitogens, growth factors, and proteases, 7,12,37,68 noting that vasoconstrictors also tend to be mitogens. Moreover, our hypothesis is supported indirectly by the observation by Torbey et al. 57 that vasospasm is more likely in younger patients. Whereas turnover rates can increase many-fold in response to altered mechanical loads and chemical stimuli, 59 it is becoming increasingly evident that such turnover occurs much faster in younger people. 10, 32 Although 3-D computational fluid dynamics models can be developed for the cerebral circulation 9,44 and 3-D analyses can be formulated for arterial G&R, 24 it is prudent to begin with simpler models that build intuition, that allow one to test basic competing hypotheses more efficiently, and that may be more useful clinically. Our 1-D fluid mechanical modeling is consistent with the majority of the current work on cerebral hemodynamics, 15, 16, 48 including the only related work to date on cerebral vasospasm 36 ; our 2-D solid mechanical modeling of an adapting wall has been shown to recover salient features in diverse circumstances 2, 17, 18 and is sufficient for modeling changes in clinically important parameters such as geometry and structural stiffness. We submit, therefore, that the present theoretical framework is a reasonable first approach to modeling the progression and resolution of cerebral vasospasm and it is sufficiently general to incorporate diverse data as they become available. Nevertheless, the biofluid mechanics and biochemical kinetics could be rendered much more sophisticated while supplying the same requisite information (luminal pressure, wall shear stress, and net effect of constrictors vs. dilators) to the growth and remodeling model of the wall. The key, however, is the need for more data, which is also revealed better by the present framework.
In summary, it appears that a SAH sets into motion a rapid shift from a normal mechano-dominated vasoactivity and maintenance of wall properties to a chemo-dominated change in vasoactivity and turnover of intramural constituents in evolving states, with a delayed return to mechano-dominated control as the clot dissolves. In particular, it appears that multiple vasoconstrictors associated with the organizing clot induce an acute, maximum vasoconstriction, which because of an associated marked increase in mitogens and cytokines results in a heightened turnover of intramural constituents in evolving vasoaltered states. Such G&R, coupled with additional vasoconstriction, leads to an artery having a smaller lumen and dysfunctional endothelium as well as a thicker, stiffer wall that is largely unresponsive to exogenous vasodilators during the critical, early period post-SAH. As the clot dissolves and the damaged endothelium recovers, however, the balance shifts back toward normal mechano-dominated control with the decreased intramural stresses promoting atrophy of the thickened wall and the increased wall shear stress in the narrowed vessel tending to cause the artery to dilate; this causes the artery to remodel in successive dilated states, thereby restoring the vessel toward normal (provided the patient survives the early chemo-dominated changes).
This hypothesis is separate from a particular mathematical model, of course, and should be explored both numerically (see part II) and experimentally.
A key advantage of a theoretical framework is that it can guide the design and interpretation of experiments as well as the collection of clinical data. The biochemomechanical framework presented herein reveals that there is a need for basic information (e.g., time-course of changes in cerebral blood flow, arterial, capillary, and CSF pressures, distal resistances, properties of the normal wall) and local information related to the vasospasm (e.g., length of the affected segment, extent of the bleed, autoregulatory impairment). In addition, if we are to have predictive capability, there is a need for a better understanding of basal and accelerated turnover rates (e.g., changes in the mass density production rates m k ðsÞ in response to the bleed, and the survival functions q k ðt; sÞ associated with this newly produced material). Such functions must come from laboratory studies that track time-dependent changes in structurally significant constituents such as collagen, elastin, and smooth muscle 62 as well as various clot-related growth factors, cytokines, and MMPs. Such data are beginning to become available in other areas of arterial mechanics (e.g., balloon-induced damage, flow-and pressure-induced remodeling), but there is a pressing need for such data for cerebral vasospasm. Given the associated significant mortality and morbidity, collection of these data must be given a high priority.
